Spatial Networks: When Topology Meets Geometry 

(CDT-3) 

Cesar Henrique Comin 1 and Luciano da Fontoura Costa 2 

1 Department of Computer Science - UFSCar 
chcomin@gmail. com 

2 Sao Carlos Institute of Physics - DFCM/USP 
luciano@ifsc.usp. br 

April 24, 2018 


Abstract 


“Der Raum ist eine notwendige Vorstellung a priori, die alien 
ueren Anschauungen zum Grunde liegt.” 

Immanuel Kant. 

1 Introduction 

Time and space. This big stage for the birth and death 
of stars, and also for human actions and thoughts. While 
time is a somewhat elusive and relative concept, the re¬ 
ality and structure of space is more evident. The three- 
dimensionality of daily life objects is very palpable, and 
more distant things appear smaller. Being such a fun¬ 
damental constraint on natural phenomena, it could be 
expected that space manifests itself, direct or indirectly, 
on most physical systems - including those so-called com¬ 
plex. 

Complex networks (CNs) TJ [5], the subject of study 
of network science [31, are graphs whose connectivity de¬ 
parts substantially from that of a regular graph or uni¬ 
formly random network [1]. Thanks to the versatility of 
graphs, from which they derive, CNs became a major 
topic in science and technology. Yet, to what an extent 
are CNs related, or even influenced, by space ? Networks 
whose nodes have well-defined spatial positions have re¬ 
ceived growing attention from the network research com¬ 
munity [5], so a discussion of the relationship between 
spatiality and CNs is a timely issue. 

In this work Q we address the influence of space on 
complex networks. We start by presenting what spatial 
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Figure 1: A network transitioning from the plane to a higher dimen¬ 
sional space. Not only the original positions of the nodes can be lost 
in this process, but also the network may acquire new, more complex 
connectivity in the new space. 


networks are and the role of distance and adjacency on 
their connectivity, and then identify their principal prop¬ 
erties and review some of the main respective theoretical 
models. We then show that this type of network tends 
to be particularly regular , as a consequence of the spa¬ 
tial constraints. However, we subsequently argue that 
this regularity intrinsic to spatial networks does not nec¬ 
essarily imply these structures to be simple. It is then 
suggested not only that spatial networks can be complex, 
but also that every (or most) real-world network may have 
a spatial precursor [6] (see Figure [I]). 
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2 Spatial Networks 

Spatial (also called geographical ) networks are defined 
simply as graphs [?J whose nodes have well-defined posi¬ 
tions in space. Examples of spatial networks include, but 
are not limited to: cities (streets are links, while their con¬ 
fluences are represented as links), roads, airports, parts of 
organisms, the Internet (position of autonomous agents), 
power distribution, neuronal networks, social networks, 
disease spreading, cell phones, and field interacting parti¬ 
cles. The four latter examples are particularly interesting 
in the sense that the position of the nodes may vary along 
time (e.g. a person using a cell phone). Though many 
real-world networks are spatial, there are also many of 
them that are not, i.e. have nodes whose position cannot 
be specified. These include: protein interaction, word as¬ 
sociations and the WWW. It is interesting to distinguish 
between networks that are originally spatial but the node 
positions are not available (e.g. WWW), and those that 
are intrinsically non-spatial (e.g. word associations). 

Spatial networks are particularly interesting in the 
sense that their characterization and representation [4j 
involve not only their topology (as any other network), 
but also geometrical information (e.g. distance between 
nodes, spatial densities, etc.). This is so because such 
geometric features can provide valuable additional infor¬ 
mation about these networks. For instance, to better un¬ 
derstand a city, it is interesting to consider not only its 
topology, but also the length of each street. Similarly, dis¬ 
ease spreading in networks is critically affected not only 
by the relative distances between each pair of people, but 
also by their spatial density. 

3 Distance and Adjacency 

The examples above make evident, at once, the impor¬ 
tance of geometrical information for studying spatial net¬ 
works. This influence of space on connectivity can be 
summarized in the fact that nodes that are closer one an¬ 
other are usually more likely to interconnect than nodes 
that are further apart. Consider, for example, human con¬ 
tacts: two people who are closer are much more likely to 
know one another than if they lived in distant places. 

There is, however, a second important way in which 
spatiality and connectivity are related, and it has to do 
with adjacency. Very informally speaking, we can say two 
objects in space are adjacent if they touch one another. 
However, the nodes of spatial networks are typically dis¬ 
connected points in an embedding space Q, so we need 
to associate a region to each point before we can say if 
a pair of such nodes are adjacent or not. This can be 
done by using a Voronoi tessellation of those points. The 
Voronoi tessellation of f2 by the points can be obtained 


by assigning regions around each of the N points i such 
that any point inside that region is closer to i than it is to 
any of the other TV — 1 points. Points ( x , y) of H that are 
equidistant to two ore more of the N reference points de¬ 
fine borders between those points. Now, we can say that 
two of these N points are adjacent whenever they share a 
border, in the sense that there is at least one border point 
that is equidistant to them. In this case, the regions re¬ 
spectively associated to that pair of points will touch one 
another. 

Going back to our discussion of how adjacency affects 
connectivity, it is reasonable to consider that two nodes 
that are adjacent are more likely to be interconnected than 
two nodes that are not. A good respective example is 
the case of transportation between cities: almost every 
pair of cities that share a border are more likely to be 
interconnected by a road. 

It is interesting to notice that the connectivity trends 
imposed on spatial networks by distance and adjacency 
are directly, though not completely, interrelated. For in¬ 
stance, pairs of nodes that are adjacent tend to correspond 
to those that near one another, and vice-versa. 

Thus, spatial networks tend to have their topology 
strongly affected by distance and/or adjacency between 
nodes. In the following section we present three represen¬ 
tative examples of these networks that will better illus¬ 
trated how this takes place. 

4 Three Models of Spatial Net¬ 
works 

In the following, three models of spatial networks are pre¬ 
sented. The first step for all these models consists in 
defining the positions of the nodes inside a unit square 
(i.e., a spatial region having width and height equal to 
1). There are many possible choices for defining the node 
positions. For instance, the position of objects from a 
real-world system can be used. Nevertheless, it is usual 
to adopt a specific probability density function over the 
unit square. The choice of distribution can lead to highly 
distinct topological properties [5]. A common choice is 
to use the uniform distribution. In this case, each node 
is placed at any position of the unit square with equal 
probability. This approach is closely related to a Poisson 
point process [5] - 

Three of the most common and simplest theoretical 
models of spatial networks are described in the following. 

Voronoi Graphs: 

Given a set of points inside a two-dimensional region, 
a Voronoi tessellation of the region is calculated. The 
tessellation comprises a set of Voronoi cells , where each 
cell i is defined by the set of all points that are closer to 


2 



Figure 2: Examples of networks generated from three spatial networks models: (a) Voronoi graph; (b) random geometric graph; and (c) Waxman 
graph. The positions of the nodes are identical for the three graphs. 


point i than to any other point. In Figure [2|a) an exam¬ 
ple of Voronoi tessellation is shown as blue dashed lines. 
Next, pairs of nodes become connected if their respec¬ 
tive Voronoi cells are adjacent. This procedure generates 
a graph that is also known as a Delaunay triangulation. 
Figure [2|a) shows an example of a Voronoi graph [5]. 

Random Geometric Graphs (RGG): 

The random geometric graph [9] is defined by connect¬ 
ing all pairs of nodes having an Euclidean distance smaller 
than R , where I? is a parameter of the model. An inter¬ 
esting approach for interpreting this model is to consider 
that each node i has a radius of influence R , which de¬ 
fines a disk centered at node i. If any other node j is 
inside this radius of influence, a connection is established 
between nodes i and j. Figure [2^b) depicts an example 
of a random geometric graph. 

Waxman Graphs: 

In the random geometric graph, a hard threshold R was 
defined for deciding if two nodes should be connected. 
In the Waxman model m, pairs of nodes are connected 
according to a probability that decreases exponentially 
with the distance between the nodes. Representing as dij 
the distance between nodes i and j, the probability that 
these two nodes will become connected is 


Pij = e~ d ' l/a , (1) 

where a is a real valued parameter controlling the spa¬ 
tial scales of the interconnections. 

Observe that the Voronoi graph is defined exclusively 
by the adjacency between the regions associated to each of 
the original nodes, while distance is the factor determining 
the connectivity in the case of the other two models. 


5 Are Spatial Networks Regular? 

Though constructed in different manners, all the three 
models presented above share some basic topological fea¬ 
tures. First, they do not have many long range connec¬ 
tions , i.e. connections between pairs of nodes that are far 
away one another. This is directly compatible with the 
fact that distant nodes in spatial networks are unlikely to 
connect. 

The sparsity of long range connections immediately im¬ 
plies an important overall topological characteristic that 
distinguish spatial networks from those which are not spa¬ 
tial. As there are few bypasses allowed by long range 
connections, to go from a given node to another randomly 
chosen node will very likely involve passing through many 
intermediate adjacent connections. As a consequence, the 
shortest paths of spatial networks tend to be very long. 
Considering that the diameter of a graph corresponds to 
the greatest distance between any of its pairs of nodes, the 
diameter of spatial networks will typically be much larger 
than those exhibited by other network models including 
uniformly random and scale free. A particularly inter¬ 
esting case is implied for Watts-Strogatz networks ED- 
This model considers a lattice as a reference, upon which 
rewirings are successively performed with a given prob¬ 
ability. As such, this type of network tends to regu¬ 
lar graphs when the rewiring probability is low, and will 
therefore have spatiality enhanced in these circumstances. 

Another very important consequence of the spatial con¬ 
straints on CNs concerns the degree values of their nodes. 
A regular graph is a graph such that all its nodes have the 
same degree. The concept of regularity can be extended 
statistically to include networks such as those character¬ 
ized by uniformly random probabilities of connections be¬ 
tween any possible pair of nodes in the network [4j. As 
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the degrees of the nodes in these networks tend to vary 
little, being consequently very similar one another, the 
respective network can be said to be statistically regu¬ 
lar. Regular graphs and uniformly random networks play 
an important role in network science, as they have been 
understood to correspond to a relatively simple standard 
contrasting to complex networks [4j. Will a spatial net¬ 
work tend to be a regular graph? 

In order to address this interesting question, we need 
to consider how the distances from a given node i to 
other nodes are distributed. Such properties are subject 
of study of a research area known as Stochastic Geome¬ 
try (e.g. 0). Basically, this area studies the geometri¬ 
cal properties of randomly distributed points and shapes. 
In the case that the nodes of a spatial network are dis¬ 
tributed in the embedding space Q with a uniformly ran¬ 
dom probability and connected following the random ge¬ 
ometric graph criterion, described in Section [4j the de¬ 
gree distribution of the network follows a Gaussian func¬ 
tion [5]. This means that the probability of finding a node 
with degree k decays exponentially the further away k is 
from the average degree Furthermore, the variance of 
the degree distribution is also given by p-k- As a conse¬ 
quence of these properties, we have that the degrees of the 
nodes of a spatial CN with uniformly distributed points 
tend to vary little. Thus, if one has to predict the node 
of any given degree, it is a good alternative to opt for the 
average. 

So, a line of reasoning has been followed in this section 
that indicates that spatial networks tend to be statisti¬ 
cally regular in the sense of their nodes having degrees 
that are very similar one another as a consequence of the 
spatial constraints imposed by distance and adjacency. 

An important example of this trend is found in the 
organization of towns and cities. Most nodes of a city 
network will have degrees equal to 3 or 4. Figure [3] shows a 
network representation of a city’s streets. The respective 
histogram of node degrees is shown on the left bottom 
corner. 

6 Are Spatial Networks Simple or 
Complex? 

Having verified that spatial networks tend to be statisti¬ 
cally regular, does it immediately follow that they are also 
simple ? Simplicity of an object or structure can be under¬ 
stood as situations in which the object can be represented 
in terms of few measurements or features. 

Interestingly, as illustrated in in 01, the fact that any 
given network is regular does not necessarily implies that 
it can be described only by the degree of its nodes (the so- 
called chameleon paradox). For instance, all nodes in the 


network shown in Figure [4] have degree four, but the net¬ 
work cannot be said to be simple. This is a consequence 
of the fact that, taken alone, the degree of the nodes of a 
network cannot provide enough information for the com¬ 
plete representation of that network, therefore not allow¬ 
ing its reconstruction. The only exception to this rule 
are lattices, characterized by all possible measurements 
of its nodes being completely identical. Other networks 
will require additional measurements to be taken in order 
to achieve a complete, invertible representation. 

So, an interesting question arises regarding if spatial 
networks, despite being nearly regular, are simple or com¬ 
plex. A possible way to address this question is to consider 
the variation of several measurements (e.g. expressed in 
terms of the respective entropy) taken from spatial net¬ 
works and compare them with relatively simple networks, 
such as the uniformly random models that have been used 
as a simplicity standard agains which complex networks 
tend to be defined. 

Figure [5] shows the entropy as a function of average de¬ 
gree for the Waxman, RGG and ER models. The Voronoi 
model was not considered in this analysis as its average 
degree cannot be changed, given a specific set of nodes. 

The entropy was calculated as follows. For each gener¬ 
ated network, four node measurements are used to char¬ 
acterize the nodes: the degree, the clustering coefficient, 
the betweenness and the eigenvector centrality. Then, a 
four-dimensional histogram, where each dimension is re¬ 
spective to a measurement, is generated. The entropy was 
calculated based on this histogram. 

Interestingly, we have from these results that the two 
considered spatial networks have larger measurement en¬ 
tropy than the uniformly regular network model for av¬ 
erage degrees larger than 20, suggesting that these two 
spatial networks are relatively more complex than the uni¬ 
formly regular structure. In this sense, it is reasonable to 
conjecture that spatial networks can exhibit a topology 
that is relatively complex. Even more complex topolo¬ 
gies can be produced by using more heterogeneous initial 
spatial distribution of nodes. 

7 Are All Real-World Networks 
Spatial? 

Going back to the beginning of this text, it was some¬ 
what surprising that we could mention so many examples 
of real-world spatial networks. Indeed, it is very difficult 
to find examples of real-world connectivity that is not in¬ 
fluenced, or even determined, by spatial constraints such 
as distance and adjacency. These clues suggest that spa¬ 
tial networks could be much more general in representing 
real-world structures, were it not for the fact that, as dis- 
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Degree 


terminations as nodes (green) and linking nodes that are connected by a street 


Figure 3: Street network formed by representing intersections and 
segment. The respective degree histogram is also shown (blue). 



cussed along this text, they tend to have large diameter 
and small average shortest path lengths which are incom¬ 
patible with the fact that several real-world networks are 
small world. However, as we will now see, there are some 
surprising results that make spatial CNs much more gen¬ 
eral models. 

Along this didactic text, we have argued that spatial 
networks exhibit special geometrical and topological char¬ 
acteristics that make them statistically regular but not 
necessarily simple. However, we have so far restricted our 
study to spatial networks living in two-dimensional em¬ 
bedding spaces Q. It is now interesting to consider larger 
dimensional embedding spaces (see Figure [I]), which may 
reveal some potentially surprising properties. 



Average degree 

Figure 5: Entropy as a function the average degree for networks gener¬ 
ated by the Waxman, random geometric (RGG) and Erdos-Rnyi (ER) 
models. The networks have 100 nodes. Voronoi networks with the same 
number of nodes have an average degree of 5.3 and result in a typical 
entropy of 4.5. 
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Let’s say we have a spatial network with N nodes in 
a two-dimensional space (e.g. the plane). We already 
know that it will have large diameter D and average min¬ 
imal shortest path length £2 d - Now, let’s consider that 
this network is ‘elevated’ to a 3D space (see Figure [l]) 
so that the nodes are redistributed in this 3D space in a 
uniformly random fashion, and the interconnections rede¬ 
fined by using the same rules as before, but now adapted 
to 3D instead of 2D. The remarkable consequence of this 
elevation is that the resulting network will exhibit a much 
smaller average shortest path length i?,D- Further length 
reductions will be obtained by elevating the spatial net¬ 
work to 4D, and so on. It is also possible that the network 
may have its connectivity changed as it make transitions 
to higher dimensional spaces, possibly acquiring increased 
complexity (see Figure [I]). 

Thus, quite interestingly, spatial networks in larger and 
larger spaces will start resembling small world networks 
(presenting relatively small average shortest path) in the 
sense that the average shortest path will become smaller 
and smaller. So we have that spatial networks are indeed 
potentially more general, in the sense of being able to ex¬ 
press more elaborated connectivity being, therefore, more 
compatible with a larger number of real-world topologies, 
including small world networks. Actually, it is possible 
that most of, or surprisingly even all , the real-world net¬ 
works would ultimately have spatial precursors in some 
embedding space with compatible dimension. It is only 
that the respective spatial constraints are not accessible 
or have been lost. Observe also that these embedding 
spaces do not need to correspond to world coordinates, 
but can also be associated to other properties such as 
temperature, energy, entropy, etc. 


8 Concluding Remarks 

In this didactic text, we started by defining spatial net¬ 
works and how they are strongly influenced by the geo¬ 
metrical properties of distance and adjacency, which was 
illustrated in terms of three classical models of spatial 
networks. Then, we addressed three key related issues 
in network research. First, we showed that spatial net¬ 
works tend to be regular. Then, by considering the three 
adopted models, we argued that, though being nearly reg¬ 
ular, spatial networks can be complex. Finally, we pos¬ 
tulated that most, or even all, real-world networks may 
have its connectivity defined by geometrical constraints 
that have been lost or are no longer available. These is¬ 
sues are particularly important for better understanding 
the structure of real-world complex systems and, as such, 
could lead to many further developments. 
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Costa’s Didactic Texts - CDTs 


This is a Costa’s Didactic Text (CDT). CDTs 
intend to be a halfway point between a formal 
scientific article and a dissemination text in the 
sense that they: (i) explain and illustrate concepts 
in a more informal, graphical and accessible way 
than the average scientific article; and, at the 
same time, (ii) provide more in-depth mathemat¬ 
ical developments than a typical dissemination 
work. 

It is hoped that CDTs can also provide new 
insights and analogies concerning the reported 
concepts and methods. We hope these character¬ 
istics will contribute to making CDTs interesting 
both to beginners as well as to more senior 
researchers. 

Though CDTs are intended primarily for those 
who have some preliminary experience in the 
covered concepts, they can also be useful as 
summary of main topics and concepts to be learnt 
by other readers interested in the respective CDT 
theme. 

Each CDT focuses on a few interrelated concepts. 
Though attempting to be relatively self-contained, 
CDTs tend to be shorter than the average scholar 
article. Links to related material are provided in 
order to complement the covered subjects. 
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